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Abstract
In an exchange economy under uncertainty populated by consumers having constant and
equal relative risk aversion but heterogeneous probabilistic beliefs, we analyze the nature of
the representative consumer's probabilistic belief and discount rates. We prove a formula
that implies that the representative consumer's discount rates are raised or lowered by
belief heterogeneity depending on whether the constant relative risk aversion is greater or
smaller than one. We also show that the representative consumer's discount rates may be
a hyperbolic function of time even when the individual consumers' discount rates are equal
to one another, as long as their beliefs are heterogeneous.
JEL Classication Codes: D51, D53, D81, D91, G12, G13, Q51, Q54.
Keywords: Representative consumer, expected utility, hyperbolic discounting, constant
relative risk aversion, Ito's Lemma, Girsanov's Theorem.
1 Introduction
In dynamic macroeconomics and nance, the use of representative-consumer models is prevalent.
As in Mehra and Prescott (1985), the standard (and by now classical) representative-consumer




















depending on whether the time span is discrete or continuous, and an initial endowment process
e = (et)t. Given that there is only one consumer, the equilibrium of such an economy must
necessarily be the no-trade equilibrium, in which the consumer is induced to demand his own
endowment process e = (et)t. The equilibrium state price de
ator  = (t)t, which evaluates
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at each time t.
There are a couple of important assumptions embedded in this specication. First, the
representative consumer has an expected utility function, thereby conforming the independence
axiom. Second, the discount rate is deterministic, constant, and independent of consumption
levels. Third, the representative consumer exhibits constant relative risk aversion.
When we take up any representative-consumer model, we are not really interested in the
analysis of an economy consisting of a single consumer per se. Rather, we regard the repre-
sentative consumer economy as a reduced form of a more complicated economy consisting of
multiple, heterogeneous consumers. Then a question arises: if we explicitly model an economy
of multiple, heterogeneous consumers and derive the utility function for the representative con-
sumer by aggregating their utility functions, are we likely to obtain an expected utility function,
with the discount rate constant, deterministic, and independent of consumption levels and the
relative risk aversion constant?
There are already some papers that answer these questions, and the answers are, on the
whole, negative. Wilson (1968) and Amershi and Stroeckenius (1983) showed that the rep-
resentative consumer's utility function need not have the expected-utility form. Gollier and
Zeckhauser (2005) and Hara (2008, 2009) showed that the representative consumer's discount
rates tend to decrease over time. Calvet, Grandmont, and Lemaire (1999) and Hara, Huang, and
Kuzmics (2007) showed that the representative consumer tends to exhibit decreasing relative
risk aversion. Some of these papers and others, such as Franke, Stapleton, and Subrahmanyam
(1999), Huang (2003), and Jouini and Napp (2007), explored implications of heterogeneous
consumers on asset pricing.
This paper adds yet another negative answer to this literature. We take up a continuous-time
model in which all individual consumers are assumed to have constant and equal relative risk
aversion. Although this assumption is stringent, we allow the individual consumers' probabilistic
beliefs and discount rates to be quite arbitrary. In such a model, we prove a formula that
relate the representative consumer's probabilistic belief and discount rates to the individual
consumers' counterparts. While his probabilistic belief is, in an appropriate sense given via
Girsanov's Theorem, a weighted average of their counterparts, his discount rates depend on
both the weighted average of their counterparts and the weighted variance of their probabilistic
beliefs. The formula, a generalization of Proposition 4 of Jouini and Napp (2007), shows that
the belief heterogeneity raises or lowers the discount rates depending on whether the relative
risk aversion is greater or smaller than one.
The second, more important, result is obtained in a more special setting. As before, all indi-
2vidual consumers are assumed to have constant and equal relative risk aversion. Moreover, their
discount rates are deterministic, constant, and equal, and the biases in their probabilistic be-
liefs (to be dened via Girsanov's Theorem) are constant and state-independent. Furthermore,
these biases are normally distributed across individual consumers. Under these assumptions,
we show that the representative consumer's discount rates are a hyperbolic function of time.
The novelty of this result lies in the fact that hyperbolic discounting may emerge even when all
individual consumers have constant and equal discount rates, as long as their beliefs are het-
erogeneous. This result should therefore be contrasted with those of Weitzman (2001), Gollier
and Zeckhauser (2005), and Hara (2008), who showed that hyperbolic discounting emerge if the
individual consumers' (constant) discount rates are distributed according to gamma distribu-
tions.
The results of this paper are most relevant to nance, general equilibrium theory, and dy-
namic macroeconomics. The technique employed here draws much on the techniques developed
in mathematical nance. Yet, the message of the paper is relevant to environmental economics,
where a cost-benet analysis is often executed for long-term projects, such as measures to mit-
igate climate change. The conclusion of any cost-benet analysis depends inevitably on the
discount rate used, and the results of this paper tell us that in an heterogeneous economy under
uncertainty, the appropriate discount rate should be determined not only by the average of the
individual consumers' discount rates but also by the variance of their probabilistic beliefs. The
question of what the appropriate discount rate is under uncertainty has been considered, most
notably, by Stern (2007, Section 2 and the Appendix to Chapter 2) and one of its supporting
documents, Hepburn (2006, Section 4.2). Neither of them, however, incorporated heterogeneous
beliefs. On the other hand, Weitzman (2007), which is a review article on Stern (2007), argued
that the uncertainties on the mechanics of climate change and its impact on economic growth
are so ambiguous and interrelated that any reduced-form probability distribution of possible
growth rates would have a fat left tail. Although he did not provide any formal framework to
support his argument, the point we will make towards the end of Section 4, that the hetero-
geneity in the individual consumers' probabilistic beliefs induces the representative consumer's
probabilistic belief to have fat tails, seems to be underlain by the same basic principle as his
argument. Also, unlike Stern (2007), Weitzman (2007) argued for the (real) option value of
waiting to gather information on the likelihood of environmental disasters. The model of this
paper seems suitable for the analysis of the option value, as it is based on stochastic calculus
and, as such, can accommodate gradual information revelation.
This paper is organized as follows. Section 2 spells out our model and review some elemen-
tary and well known results. Section 3 gives a theorem on how the heterogeneity in the individual
consumers' probabilistic beliefs may aect the representative consumer's discount rates. Sec-
tion 4 gives a theorem on the representative consumer's hyperbolic discounting arising from
the heterogeneity of the individual consumers' probabilistic beliefs. Section 5 summarizes these
results and suggests directions of future research.
32 Setup
The uncertainty surrounding the economy by a probability space (
;F;P). The time span,
along which the consumption and asset trading take place, is [0;1]. The uncertainty and the
gradual information revelation are given by a one-dimensional standard Brownian motion B =
(Bt)t2[0;1]. That is, each element of the state space 
 is identied with the full specication
of realized values of the standard Brownian motion over the entire time span [0;1] and the
sub--eld Ft represents the information obtained by observing the standard Brownian motion
up to time t 2 [0;1].
To allow for the case where there are innitely many consumers, we let (I;I;) be a
probability measure space representing (the names of) the individual consumers in the economy.
They are assumed to have constant and equal relative risk aversion, but their probabilistic beliefs
and subjective time discount rates may be quite arbitrary. Specically, we let  2 R++ and
u : R++ ! R satisfy u0(x) = x  for every x 2 R++. Consumer i's discount rate is given
by a progressively measurable process i = (i
t)t2[0;1] and his subjective probability measure is
given by a probability measure Pi that is absolutely continuous with respect to P. His utility
















As can be seen from this expression, the standard case of exponential discounting corresponds
to the case where i takes a constant value across time and states. We assume that there exists




























Equivalently, if we let i










t2[0;1] dened by Bi




s ds (that is, dBi
t = dBt + 
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t) is a standard

































































4To nd a Pareto ecient allocation of a given aggregate consumption process c = (ct)t2[0;1]
and its supporting (decentralizing) state-price de
ator, it is sucient to choose positive numbers









ci d(i) = c:
(6)
























where  is the Lebesgue measure on [0;1]. Hence, to solve the original maximization problem









xi d(i) = x:
(7)
for each pair of realization x 2 R++ of c and a prole z = (zi)i2I 2 RI of realizations zi 2 R
of 'i
t. It can be easily proved that for each (x;z), there is a unique solution,1 which we denote

























The solution to the original maximization problem is given by (ci)i2I, where, for each i 2 I and































1In fact, to guarantee the existence of a solution, we need to impose some measurability and integrability
conditions on the function i 7! z
i, though we shall not explicitly state them here as they do not aect the
formulas obtained at the end of our analysis.
2To be exact, the value function may be dierent from the right-hand side by a constant term. But this
dierence is irrelevant to the subsequent analysis.
5In the next section, we show that U can be written in the same form as (1).
By multiplying a positive constant if necessary, we can assume that
R
I((i))1= d(i) = 1.
If all the individual consumers have a common belief and a common discount rate, then the 'i
t
are equal at all times and we can concentrate on the case where the zi are equal. According
to (8), then, fi(x;z)=x = ((i))1==(
R
1= d). Thus, if
R
((i))1= d(i) = 1, then ((i))1= is
the ratio of consumer i's consumption to the average consumption, and hence, his wealth to the
average wealth in the economy. Although it is no longer equal to the wealth share when the
'i are not equal, Lemma 4.1 of Jouini and Napp (2007) shows that it does indeed approximate
the wealth share.
The representative consumer is, of course, not an \actual" consumer, who would trade
on nancial markets. Rather, he is a theoretical construct, whom we can use to identify asset
prices.3 Specically, if v is the value function to the maximization problem and c is the aggregate










=@x, is a state price density. This means that the price at time t 2 [0;1] of an




















Although we analyze the Pareto ecient allocations and their supporting (decentralizing)
prices, if the asset markets are complete, then our analysis is applicable to the equilibrium
allocations and asset prices. This is because the rst welfare theorem holds in complete markets,
so that the equilibrium allocations are Pareto ecient and the equilibrium asset prices are given
by the corresponding support prices. Since u is concave, the second welfare theorem also holds,
so that every Pareto ecient allocation is an equilibrium allocation for some distribution of
initial endowments. Hence an analysis of Pareto ecient allocations is also an analysis of
equilibrium allocations.
3 Belief and discount rates
In this section, we identify the representative consumer's discount rates and the probabilistic










of (9), our task is to rewrite it in a more understandable manner. The following theorem, though
somewhat lengthy, is the main result of this section. It generalizes Proposition 4 of Jouini and
Napp (2007) to the case with stochastic and heterogeneous subjective discount rates.
3For this reason, the dynamic inconsistency of the representative consumer (arising from, say, hyperbolic
discounting) does not imply that individual consumers' choices are dynamically inconsistent.
6Theorem 1 There are two progressively measurable processes  = (t)t2[0;1] and 
 = (
t)t2[0;1]









































































































This theorem says that the factor (10) is can be written as exp( 't) with 't dened by (12).
Like Proposition 4 of Jouini and Napp (2007), it claims that even if the individual consumers'
subjective discount rates are homogeneous, the representative consumer's discount rates may
well be stochastic and time-varying. To see this point, note rst that because of (13), for each
t, the expi
t can be considered as weights across consumers.4 Then (14) says that the diusion
term 
t dening the representative consumer's probabilistic belief is simply the weighted aver-
age of the individual consumers' counterparts. According to (15), however, the representative
consumer's discount rate t is not the weighted average of the individual consumers' counter-
parts. Rather, it is equal to the sum of the weighted average and the weighted variance of the
heterogeneous beliefs 
i
t multiplied by (1=2)(1 1=). Since this is positive if  > 1 and negative
if  < 1, the representative consumer's discount rate is higher than the weighted average of the
individual consumers' counterparts if their coecient of constant relative risk aversion is greater
than one, while the former is lower than the latter if it is less than one. It can be stochastic and
time-varying even when the i are constant, deterministic, and equal to one another, as long
as the 
i are dierent, because, then, the weights expi
t are stochastic and time-varying. The




t. This means that the exp
i
t are consumption weights.
7next section will deal with such a situation.
Since the representative consumer has constant relative risk aversion equal to , this theorem
implies that a state-price de
















Here, of course, the expectation is taken with respect to the objective probability measure P. If
we were to use the representative consumer's probabilistic belief P0, then a state price de
ator


















Proof of Theorem 1 Then dene a process ' = ('t)t2[0;1] by







































By Ito's lemma, ' is an Ito process, with its drift and diusion terms to be found as follows.
First, dene the processes i = (i





















































Thus, by (19), dt = 































By (18), 't =   lnt and hence, by Ito's lemma, d't = 
'
















































































































































































































9and hence (13), (14), and (15) are obtained. ///
4 Hyperbolic discounting
In the following, we impose additional restrictions on the i and 
i to show that if the subjective
beliefs are heterogeneous, then the representative consumer's discount rates may change over
time even when the individual consumers have a common, constant discount rate. Specically,
we assume that all i are deterministic, constant, and equal to one another, which we denote by
 , and that each 
i is deterministic and constant, which we denote by  
(i). We shall prove that
if the  
(i) are distributed in a way to be articulated below, then the representative consumer
has hyperbolic discounting.
The following facts should be helpful to understand the theorem. First, if the process 
i is
always equal to a constant  
(i), then, for every t 2 [0;1], B  Bt follows a normal distribution
with mean   
(i)(   t) and variance    t with respect to the subjective probabilistic belief
P0 under the common information Ft whenever  > t. Thus, the higher the  
(i), the more
pessimistic the consumer is. Second, his subjective probabilistic belief Pi and the objective
probability P dier only in terms of the mean of the Brownian motion B, and they agree on its
variance. Third, regarding  







for every B 2 B(R). Since
R
I((i))1= d(i) = 1,  is, in fact, a probability measure. Since,
as stated in Section 2, ((i))1= approximates the proportion of consumer i's wealth relative to
the average wealth of the economy, the probability measure  approximates the distribution
of the  
(i) on R in terms of wealth shares in the economy.
The following proposition is the second main result of this paper.
Theorem 2 Suppose that for every i, the discount rate process i is always equal to a common
constant   and the progressively measurable process 
i is always equal to a constant  
(i). Suppose
that the probability measure  on R dened by (20) is a normal distribution with mean ^  and





Bt   ^ =^ 2
t + =^ 2 : (21)
and an equivalent probability measure P0 on 




















t + =^ 2:
10The rst term,   is simply the common discount rate of the individual consumers. The second
term is a hyperbolic function of t and arises from the heterogeneity in the individual consumers'
beliefs. What makes this fact interesting is that in an economy under uncertainty, hyperbolic
discounting may emerge even when all individual consumers' subjective discount rates are equal.
This result is consistent with Proposition 4 of Jouini and Napp (2007): The hyperbolic part is
a decreasing function of time (a special case of a supermartingale) if  > 1 and an increasing
function (a special case of a submartingale) if  < 1. We should also note that the the hyperbolic
factor of Rohde (2008), which is a measure of time consistency, of the second factor (t+=^ 2) 1
of the second term is equal to ^ 2=. Since this is an increasing function of the variance ^  of
the biases of the individual consumers' beliefs, the theorem implies that the more dispersed the
beliefs are, the more hyperbolic the representative consumer's discount rates are.




















































Since the discount factor exp(  t) is common across consumers, we can write the simplied









xi d(i) = x:
(24)
It follows from the rst-order condition of this maximization problem that if we dene p :























































































z   ^ =^ 2






(z   ^ =^ 2)2
























(z   ^ =^ 2)2




















(z   ^ =^ 2)2
t + =^ 2

:
By the denition of ', exp( 't) = exp(  t)p(Bt;t). Hence 't =  t   lnp(Bt;t). Thus, if
we dene g : R  [0;1] ! R by















(z   ^ =^ 2)2
t + =^ 2 ;
then 't = g(Bt;t). Moreover,
@g
@t








z   ^ =^ 2






z   ^ =^ 2




t + =^ 2:
By Ito's Lemma, the diusion term of ', 
t, is equal to
 
Bt   ^ =^ 2
t + =^ 2 :
The drift term of ', t + (









Bt   ^ =^ 2














Bt   ^ =^ 2
t + =^ 2
2
Thus,








Bt   ^ =^ 2







Bt   ^ =^ 2
t + =^ 2
2




t + =^ 2:
12///
The theorem states that the representative consumer's belief P0 can be represented by the
process 
 dened by (21), but it does not intuitively give the idea on what his belief is like. In
the following, we show that although Bt is normally distributed with mean 0 and variance t

















> t, we can say that an important
consequence of the individual consumers' heterogeneous beliefs is that the representative con-
sumer's belief is more dispersed than the objective probability, and also more dispersed than
any individual consumer's belief.









respect to P0, note that since exp( 't) = exp( t)p(Bt;t), p(Bt;t) consists of the hyperbolic
part of the representative consumer's discount factor and his state-price density. Since the




t + =^ 2;


































(Bt   ^ =^ 2)2
t + =^ 2

: (25)
Writing this process by  = (t)t2[0;1] and applying Ito's Lemma, we can show that the drift
term of t is equal to zero and the diusion term of t is equal to  
tt. Thus, the density
process (Et (dP0=dP))t2[0;1] is, in fact, equal to  dened by (25).
Note that t depends only on Bt and t. Hence, the density function (25), which is the
Radon-Nikodym derivative of P0 with respect to P, is also the Radon-Nikodym derivative of
the (marginal) distribution of Bt induced from P0 with respect to the (marginal) distribution



















(z   ^ =^ 2)2
t + =^ 2

:
































































We have shown how the heterogeneity in probabilistic beliefs aect the representative con-
sumer's discount rates. When the biases of the individual consumers' probabilistic beliefs are
normally distributed, in a sense that was made precise via Girsanov's Theorem, the representa-
tive consumer has hyperbolic discounting, even when the individual consumers share the same
discount rate.
There are many interesting directions of future research. Among them, the most important
one is perhaps to attempt to dispense with the assumption that all individual consumers have
constant and equal relative risk aversion. As shown by Wilson (1968) and Amershi and Stroeck-
enius (1983), then, the representative consumer's utility function need not have the expected-
utility form and his belief need not be well dened, implying that we cannot meaningfully talk
about any impact of heterogeneous beliefs on the representative consumer's belief. However,
what ultimately matters to asset pricing is not the representative consumer's utility function
but the state-price de
ator derived from his marginal utilities, which can be decomposed into
the short-rate process and the market-price-of-risk process. This fact suggests that we look for
an expected utility function for the representative consumer that leads to the same short-rate
process and the market-price-of-risk process as the \true" non-expected utility function for the
representative consumer. This is an interesting direction of future research.
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